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We provide two characterizations of bounded lattices which can be embedded into Boolean 
algebras based on the iterative properties of algebraic functions over lattices. Such properties are 
significant from a technical point of view, being related to the synthesis of cascades of switching 
elements ([2], [3]). 
1. Introduction 
In his paper [5], D. Schweigert presents a characterization of  the class of distri- 
butive lattices within the class of  lattices using iteration properties of  algebraic func- 
tions. 
The purpose of  this Note is to give characterizations of bounded lattices which 
can be embedded into Boolean algebras using iterative properties of algebraic func- 
tions of  these lattices. 
Let S be a set and assume that f :  S ~ S is a function. We shall define inductively 
the iteration powers of  f by f l (x )=f (x )  and fn+l(x)=f(fn(x)) for all x~S and 
n_>l. 
Let ~ = (L, { +, • }) be a lattice. Schweigert's result asserts that ~' is distributive 
if and only if f2  =f  for every algebraic function of  ~. The technique of  his proof 
is to show that S may not contain, under this assumption, any sublattice isomorphic 
to one of  the two lattices whose diagrams are given in Figs. l(a) and l(b). 
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On another hand, it is known since Schrfder [6] that in a Boolean algebra ~ = 
(B, { +, . ,  - ,  0, 1 } we have f3 =f  for any algebraic function (which is, of course, a 
weaker iterative property than f2 =f ) .  This result was retrieved by Lyngholm and 
Yourgrau in [1] and it was used by us in [2] and extended to Post algebras in [3]. 
We shall prove that his property is a characteristic of Boolean algebras. 
Our second characterization f Boolean algebras involves a property of the se- 
cond iteration of Boolean functions which was discussed by us in [2], in connection 
with the existence of iterative square roots of Boolean functions. 
2. A characteristic iteration property of Boolean functions 
Let ~ = (B, { +, . ,  - ,  0, 1 } be a Boolean algebra. 
Proposition 1. ([6], [1], [2]). I f  f :  B--+B is a Boolean function, then f3 __f. 
Proof. Indeed, every Boolean function f (that is, every algebraic function over a 
Boolean algebra) can be written as 
f (x )=ax+bR,  
where a=f(1)  and b=f(0) .  It is easy to see that fE (1 )=f (a )=a+bd=a+b and 
f2(0) =f(b) = ab, which gives 
f2(x) = (f(0) +f(1)) x+f(O) f (1)  (1) 
Now, we can compute the third iteration by writing 
f3(1) =fE(f(1)) =f(1) +f(0) f(1) =f(1) 
and 
f3 (0) = f2 (f(0)) =f(0) +f(0) f(1) =f(0), 
which shows that f3 =f.  
Theorem 2. Let S = (L, { +, . ,  0, 1 }) be a bounded lattice having 0 as its first element 
and 1 as its last element. ~" can be embedded in a Boolean algebra i f  and only i f  there 
is a dual automorphism h : L ~ L such that in the algebra ~(L)  = (L, {+, • ,h,0, 1}) 
we have f3 =f, for  every algebraic function f.  
Proof. In view of Proposition 1 the conditions of the Theorem are necessary; we 
choose h as the complement operation. 
Conversely, suppose that Lt is a lattice such that every algebraic function of the 
algebra .~(L) satisfies the identity f3 =f.  
It is interesting to remark that this weaker property implies the distributivity of 
~(L )  just as Schweigert's condition does. We follow his approach in proving the 
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distributivity of ~(L) .  
Suppose that ~(L)  is not distributive, In this case, ~(L)  has to contain a sublat- 
tice isomorphic to one of the lattices given in Figs. l(a) and l(b). 
For the first case consider the algebraic function f (x )=(x+c)b+a.  It is easy to 
see that f ( z )  = a, f (a )  = b, f (b )  = b, that is, f3(z) = b ~:f(z) = a. 
For the second case, let g be the algebraic function g(x)= (x + a)b + c. For g we 
have g(z)= c, g(c)= i and g(i )= i giving g3(z)= i ¢g(z )= c. 
Thus, ~(L)  may not contain a sublattice isomorphic to any of the above sublat- 
tices, which implies its distributivity. 
We have to prove now that the identity f3 =f  implies that h has the role of the 
complement in .~(L). To this end let us remark that h3(x)=h(x)  for xeL  implies 
ha(x) =x  because h is a bijection. This shows that h is involutive. 
Consider the algebraic function w, where w(x) = (x + a)h(x). Due to the involutive 
property of h we have h(w(x))= h(x)h(a)+x.  
Applying elementary transformations we obtain 
w(w(x) )=a x + x h(x) + a h(a) h(x) 
and 
w(w(w(x)))  = x h(x) + a h(x) + ax h(a) 
and, because, w 3= w this implies 
ax h(a)<_x h(x) + a h(x). 
Since h is a dual automorphism of we have h(O) = 1 and h(l) =0. Choosing x= 1 
in the above inequality we obtain a h(a)<_ 0 which gives, a h(a)= O. By duality, we 
have a + h(a) = 1, which shows that h plays indeed the role of complement in ~(L).  
3. Bounded functions and iterations 
Let ~=(B,{+, - , - ,0 ,1})  be a Boolean algebra. A function f :B~B is non- 
constant if f (xO :gf(x2) for some xl,x2 ~ B. 
Proposition 3. A Boolean funct ion f :  B ~ B & non-constant i f and only i f  f (O) ~f( l ) .  
Proof. The condition is obviously sufficient. Let f be a non-constant Boolean func- 
tion and assume that f (0)=f(1) .  Since f (x )=xf (1 )+gf (O)  we have f (x )= 
xf(O)  + g f (1 )  = (x + g)f(0) =f(0) for x e B, which implies that f is constant. This 
contradiction shows that f (0)¢ f (1) .  
Proposition 4. A Boolean funct ion is non-constant i f and only i f  the second iteration 
power  is non-constant. 
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Proof. I f f :  B ~ B is a Boolean function then, using the fact that f (x )  = x f (1)  + R f(0), 
we obtain for the second iterative power the formula (1). Suppose that f is non- 
constant. Using the previous Proposition we have f(0)~ef(1). If f2(0)=f2(1) this 
implies f (0 ) f (1 )=f (0 )+f (1)  and this, in turn, gives f (0)=f(1) .  Therefore, we must 
have f z (0 ) , f2 (1) ,  which shows that f2  is non-constant. 
Conversely, assume that f2 is non-constant, that is, f2(0) :#f2(1). Since f(0) f(1) *: 
f (0 )+f (1)  we must have f (0 ) , f (1 )  (since otherwise, we would have f (0 ) f ( l )=  
f(0) +f(1) =f(0) =f(1)). 
We notice from formula (1) that the second iteration power of a Boolean function 
has a special, simple aspect. This suggests the introduction of the following class of 
functions: 
Definition 1. An algebraic function f :  L ~ L of a lattice (L, { +, • }) is bounded if we 
have p, qeL ,  p>_q such that f (x )=px+q for xeL .  
Obviously, the second iteration power of any Boolean function is bounded. 
The referee of this paper has conjectured that this property of Boolean functions 
might generate yet another characterization f Boolean algebras within the class of 
lattices. We intend to show that is indeed the case. 
Let ~'= (L, { +,..., 0, 1 }) be a lattice having the least element 0 and the greatest ele- 
ment 1 and assume that h :L~L  is a dual morphism of this lattice. 
Theorem 5. The lattice ~ can be embedded in a Boolean algebra i f  and only i f  the 
second iterative power  o f  every non-constant algebraic funct ion o f  the algebra 
(L, { +, . ,  h, 0, 1 }) is a non-constant bounded function. 
Proof.  The reader will notice that now h is required to be a dual morphism not an 
automorphism as in Theorem 2. The condition is clearly necessary in view of the 
equality (1) and Proposition 4. 
Let us prove that the condition is sufficient. We will show that (L, {+, • ,0, 1}) is 
a distributive lattice and h plays the role of the complement. 
Suppose that L would contain a sublattice isomorphic to the lattice from Fig. 1 (a). 
The function f :  L ~L  given by f (x )  = (x + c)b + a is non-constant since f ( z )  = a and 
f (a)  = b. Therefore its second iterative power must be a bounded non-constant func- 
tion which gives 
[(x+ c)b + a + clb + a = ax + fl, 
for x~L and ~t, f l¢L  with u>_fl. 
Choosing x = 0 in the above equality gives fl = (a + c)b + a, which, in turn, gives 
f l=b  (see (Fig. l(a)). Taking x= 1 in (2) gives b=u+b,  hence a<_b; since a>_fl=b, 
we have u = fl = b and this implies that the second iteration power o f f  is the function 
k : L ~L ,  where k(x) = bx+ b = b, which is a constant. Therefore, it is impossible for 
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L to contain a sublattice isomorphic to the one from Fig. l(a). 
Suppose now that L would contain a sublattice isomorphic to the lattice from Fig. 
l(b). The function g : L -*L given by g(x) = (x+ a)b + c is non-constant since g(z) = c 
and g(c)= i; its second iteration should have the form 
[(x +a)b+c +a]b+c= yx +~, 
for some y, d6L ,  y>_O. 
Again, choosing x=0 we get b+c=O, which gives O=i (see Fig. l(b)). Choosing 
x = 1 we have b + c = y + ~, hence i = y + i. This implies y _< i and, since y > ~ = i, we 
have y =~= i. Therefore, the second iteration power of g is the function l : L  ~L ,  
where l (x)=ix+i= 1 for x~L,  which is a constant function. This contradiction 
shows that L may not contain a sublattice isomorphic to the lattice from Fig. l(b). 
We conclude that (L, {+,.  ,0, 1}) is a distributive lattice. 
Since hZ(x)=2x+p for some 2,/~ eL  and 2 _>p, we have h2(0)=0=/ /and  h2(1)= 
1 =2 +p, which implies 2 = 1 and/~=0. Therefore, h2(x)=x,  which shows that h is 
involutive. 
Consider now the function u :L -~L defined by u(x)=xh(x) .  We will prove that 
u is a constant function. Suppose that u is non-constant. In this case, its second 
iteration power should be also a bounded non-constant function. 
We have u 2(x) -- x h (x) h [x h (x)l = x h (x)(h (x) + x) = x h (x) = ax + r for a, r e L, 
O" ~ -g. 
Taking x = 0 we obtain r = 0 and taking x = 1 we have 0 = a + r, which implies that 
the second iteration power of u is the function o : L~L  given by o(x)=tyx+r= 
0 x+ 0--0, which is a constant function. Therefore, u must be a constant function. 
Because u(0)=0, we have u(x)=0 for x~L,  hence xh(x)=O; by duality, we have 
x+h(x)= 1 for all x~L,  which shows that h plays the role of the complement. 
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